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Introduction

The discipline which uses analysis to prove properties of natural numbers is called Analytic Number
Theory. In this work I present one of the greatest achievements of this discipline; the proof of the
Prime Number Theorem which in one of its many forms states that

lim _rl@) = (1)
%0 2/ log(x)
where 7(x) is the number of prime numbers less than or equal to z € R.

The various attempts to prove this theorem made Analytic Number Theory evolve into the
powerful tool which it has come to be in the study of natural numbers, and in the meantime they
unexpectedly motivated advancements in the field of Complex Analysis.

Euler was the first known mathematician to use the tools of analysis to prove theorems on
number theory in his now famous proof of the divergence of the series Zp 1/p made up of the
reciprocals of prime numbers (from which the infinitude of the prime numbers follows). This proof
used the divergence of the series Y 1/n and a remarkable relation which Euler himself had
discovered between the prime numbers and the series Y- | 1/n® where s is real and s > 1.

After subsequent generalizations by Euler and other mathematicians such as Dirichlet (from
whom the received their name), a coherent and very interesting theory on Dirichlet series has
been developed which will be presented in the first chapter of the present work. Proofs of the
main theorems are given as well as various properties of these series which show the existing
relations between them and the multiplicative structure of natural numbers, particularly with
prime numbers. An amazing link between classical number theory and analysis, apparently distant
disciplines in the mathematical world appears through these series.

At the end of the chapter some applications of this theory to classical number theory are devel-
oped. In particular,to the theory of convolutions of arithmetic functions. Results and definitions
about convolutions are more transparent under this general context. For example, a clear motiva-
tion for the definition of the Mdobius p function will be given as well as a very short and simple
proof of the Mébius inversion formula.

Chapters 2 and 3 are devoted mainly to the proof of the Prime Number Theorem. Chapter 2
deals with the Riemann ¢ (zeta) function which is by far the most known Dirichlet series and of
fundamental importance for the proof. Proofs of the main properties of this function needed for
the proof of the Prime Number Theorem will be given. The Prime Number Theorem is proved in
chapter 3.

The strategy of the proof of the Prime Number Theorem present in this work is mainly due
to Riemann who in his revolutionary and only paper on number theory showed a possible line of
attack to study 7(z) using the theory of Complex Analysis which he had been developing. In this
article, Riemann introduces the ¢ function and states his famous hypothesis, still without proof.
The specific form of the proof is product of later simplifications and alternatives which have been
found to elude the difficulties which Riemann encountered and is in essence the one exposed in
[JamO03].

The Prime Number Theorem, which basically states the existence of some sort of regularity
in the growth 7(z) function was stated for the first time (independently) by Legendre and Gauss
in forms different from the one presented in (1). It finally proved (independently) by Hadamard
and de la Valle Poussin in 1896, nearly forty years after Riemann’s article had been published.
Until 1949 all known proofs of the Prime Number Theorem used complex analysis and followed
Riemann’s ideas. In this year Selberg and Erdés found proofs which did not use complex analysis
although they still used analysis. These proofs are nowadays called elementary. Proofs which use
complex analysis are however, more transparent.



All the theorems present in this work can be found in the bibliography but the organization of
the themes and theorems is my own. Some minor modifications and simplifications were made in
various proofs and great stress was made to motivate the ideas behind some arguments. Unlike
texts like [Apo76] by Apostol, this work is devoted completely to the proof on the Prime Number
Theory. In some cases, more general results than needed are presented and proved when they result
enlightening. In particular, a considerable amount of theory on Dirichlet series, ignored on some
proofs of the prime number theorem where only the Riemann ¢ function is studied, is presented
to stress the existence of the relationship between these series and prime numbers.



Chapter 1

Dirichlet Series

This chapter will introduce Dirichlet series, very important series in analytic number theory. They
are a generalization of the Riemann Zeta function.

1.0.1 Definition. Let s € C. A series of the form
i f(n)
n=1 n?

where f : N — C (different from zero for some n) is called a Dirichlet series.

The shorter notation Y f(n)/n® for (1.1) will be used where there is no risk of confusion.

It is worthwhile to remind that for s € C and n € N, n® is defined by n® = ¢*1°8™ where logn is
the real and natural logarithm of n. This function ( s — n® € C ) is analytic in the whole complex
plane and has derivative n® logn. The notation s = o + it with o, € R will be used systematically
throughout this work to denote an arbitrary complex number. It is to be understood that under
this convention when writing sg it will follow that sqg = oo + itg where o, ty € R. Note also that
[n®| = n° for any s € C.

The most famous Dirichlet series is Y 1/n®, known as the ¢ function and defined for s where
the series converges. It was studied for the first time by Euler (who discovered its relation with
prime numbers) as a function of real variable and named ¢ by Riemann, the first one to study
it as a function of a complex variable. Dirichlet series where studied systematically by Dirichlet
who generalized the results discovered by Euler on the  function to prove the famous theorem on
number theory which now bears his name.

1.1 Analytic Properties

1.1.1 Lema. If there exist so € C and M € R such that
> Iy v >1

nso | =
n<z

then, for all s € C with o > oy and for a,b € N with 0 < a < b one has the following inequality

A ] (Hssd).
ns a?—%o o — 0y

a<n<b

Proof. Using Abel’s identity B.1 (in the appendix) B with a(n) = f(n)/n®® to the function g(z) =
1/z*=% (Note: A(z) =}, , f(n)/n°"), one obtains

b
> 1) _ a0 — A(a)a®= — (so — s) / A(tyto—"1at.



Therefore,

Z f(n) < MbUO—J+MaUO—U+
ns

a<n<b

/ (50 — 8) A(t)E%0—>dt

b
< 2Ma®°~° —l—/ |so — s| |A(t)| t7° 7~ dt
b
< 2Ma®°~% 4 |sg — $| M/ t7o—o 1t
a

< 2Ma® "7 +|sp — $| M/ to=o 1t
M |sp — 8| (—a~?)
(00 —0)

_ |s — sol
=2Ma°° 7 (14 ——
@ < Jr2(0—00)

< 2Ma?0~° (1 + |SSO|) .

g — 0y

=2Ma’°"° 4+

1.1.2 Theorem. For every Dirichlet series Y, f(n)/n® the exist ¢, 0, € R with —c0 < 0, < 0, <
oo such that:

1. > f(n)/n® converges if o > 0. and diverges if o < o,.
2. > f(n)/n® converges absolutely if o > o, and does not if 0 < o,.
8. 04—0.<1.

Proof. It >~ f(n)/n® diverges on the whole plane take o, = 0, = co and if it converges on the
whole plane take o, = 0, = —00 (the reason for being able to take o, = —oo will be clear by what
follows). Suppose none of the previous cases takes place and take sg where Y f(n)/n*® converges
and s € C with ¢ > 0y. By lema 1.1.1 it follows that for my,mo € N with 0 < my < ma,

mzf.n mlfn
g

S - g—00
n mq

= > ) K (1.2)

mi<n<ms

where K is independent of m; and mgy. Therefore, given that lim,,, . 1/m1777° = 0, the series
of partial sums is a Cauchy series and so Y f(n)/n® converges. It is the clear that the sought for
o, is precisely

0. = inf {O’ eR ‘Z f(n)/n? converges} .

(Note that the set is bounded since > f(n)/n® does not converge on the whole of C.)
Take now s € C with ¢ > g9 + 1. Since Y f(n)/n® converges, lim, . f(n)/n*® = 0 and so
there exists M € R such that |f(n)/n®| < M for all n. This implies that |f(n)] < Mn°, and that

f(n)

nS

Mn?0 M
= |f(n)] < L with 0 —og > 1.
ne no no—o0

It follows that > f(n)/n® converges absolutely since > M/n°~?° converges by B.4 given that
o—og> 1.

Likewise, one can see that if Y f(n)/n® converges absolutely, so does > f(n)/n® with o > o,

given that
Fo)| _ 1l 1)) _ | f() |

ns ne noo nso

Therefore, one can take

0q = inf {a eR ‘Z f(n)/n? converges absolutely }



and (2) follows.
(3) follows from the fact that convergence at sy implies absolute convergence at s for all s € C

with o > ¢ + 1. [ |

The previous theorem shows that for every Dirichlet series which converges at some s € C there
exists a half plane Re(s) > o. at which the series converges. In this half plane of convergence the
series represents a function of the complex variable s

n=1

- Re(s) =0 > 0. (1.3)

The next theorem shows that convergence in actually uniform in every compact subset of the half
plane of convergence. From this fact it will follow that F'(s) is analytic.

1.1.3 Theorem. The convergence of Y f(n)/n® is uniform in every compact subset of the half
plane of convergence o > o.

Proof. Let D = [a,b] X [¢,d] be with a > 0.. Let s € D and o € R with 0, < 09 < a. By the lema
1.1.1 it follows that

Z f(n)/ns < 2Mmtlfo—d (1 + SO’O) .
mi<n<mso g~ 00

Since m7°7 < mJ°" " and there exists a constant A € R with |s —og| < A for all s € D, one
obtains
s oo—a A op—a
Z f(n)/n®| < 2Mm] 1+ = BmfJ
a — o0g
mi<n<ms

where B is independent of s. Given that lim,,, .o m7°"“ = 0, the series of partial sums is
uniformly Cauchy and so the series converges uniformly. |

1.1.4 Corollary. The function represented by the Dirichlet series (1.3) is an analytic function of
the complex variable s in its half plane of convergence and

F'(s) = —ZW (1.4)

where logn is the real (and natural) logarithm of n.
Moreover, the expression as Dirichlet series of F'(s) (1.4) has the same half plane of absolute
convergence as F(s).

Proof. Given that f(n)/n® is an entire function (analytic in the whole complex plane), and the
Dirichlet series is locally uniformly convergent in its half plane of convergence, F'(s) is analytic in
its half plane of convergence. The convergence of the derived series (f(n)/n®) = —f(n)log(n)n=*
to F'(s) follows from the fact that convergence is uniform in every compact subset of this half
plane (see appendix A).

Since logn > 1 for n > 2, it is clear that ) f(n)/n® converges absolutely if > (f(n)logn)/n®
converges absolutely. To prove the other direction suppose that > f(n)/n® converges absolutely
for o > o, and take s; with o1 > 0,. It will follow that > (f(n)logn)/n® converges absolutely
since by taking o¢ with o1 > ¢ > 0, one has lim, ., n°°~?* logn = 0 and so there exists N € N

such that for n > N
logn

noi1—oo

Therefore, for n > N

f(n)logn| _ |f(n)[logn _ |f(n)| logn _ [f(n)|
nst o not T poo poi—go — poo
The result follows since o is in the half plane of absolute convergence of > f(n)/n®. |



1.2 General Properties

1.2.1 Theorem (Uniqueness). Let F(s) = > f(n)/n® and G(s) = >_ g(n)/n® be absolutely con-
vergent for o > opq. If there exists a series {sy} in the half plane o > opg with limy_ o) = 00
such that F(s;) = G(sg) for all k, then f(n) = g(n) for all n.

Proof. Define H(s) = F(s) — G(s) and h(n) = f(n) — g(n). By hypothesis H(s) = 0 for all k¥ and
by the convergence of F' and G one has H(s) = > h(n)/n® for 0 > opg.

Suppose the the exists an n where h(n) # 0 and let N be the minimum number where this
happens. It follows that

H(s)zh(N)-l- > hin)

and evaluating at si (H(sx) = 0) and solving for h(N) one obtains

o x= h(n
h(N)=-N* > %
n=N+1

Let ¢ € R be with ¢ > opg and define A = (N +1)°3°7° \ |h(n)| /n® where A < oo by the
absolute convergence of F' and G. For every o; > ¢

h(N)] < N 3 [A] _ o > I

nak nak cnc
n=N+1 n=N+1

No* = |h(n
Z [h(n)|

S Op—C C

(N+1) o

N\ o~ [h(n)]

=|— N +1)°

(751) oo 3 5

n=N+1
N \%*
=Al —— .
(75)
N \%*
However, klim <N—|—1> = 0 since klim o) = 0o. Therefore, h(NN) = 0 which is a contradiction.

The following theorem shows one of the most useful properties of Dirichlet series in relation
with number theory.

1.2.2 Theorem. Let F(s) = Y f(n)/n® and G(s) = > g(n)/n® be functions represented by
Dirichlet series in 0 > op,0¢ respectively. In the half plane Hpg where both series converge
absolutely one has

F(s)G(s) = (f*nﬂ (1.5)

where f % g is the Dirichlet convolution of f and g defined by
(f * 9)(n Zf 9(5)= X Fmglmy). (1.6)
mimaa2=n
Moreover, the Dirichlet series (1.5) also converges absolutely in Hpq.
Proof. For any s € C where both series converge absolutely we have
() [~ 9m) f
- () () - 3
n=1 m=1 n,m>1

where the expression on the right is an absolutely convergent double series. Since any absolutely
convergent double series can be rearranged in any simple series ([Apo67], pgs. 373-375), one can
group the terms where mn = k is constant to obtain

Zznm kf Z f*g

n=1




1.3 Representation as Infinite Products

The representation of Dirichlet series as infinite products follows from a theorem discovered by
Euler in 1737. This theorem (stated and proved in what follows) is sometimes referred to as the
analytic version of the fundamental theorem of arithmetic (representation in essentially a unique
way of natural numbers as product of prime powers).

Throughout this section and what follows of this thesis, the notations »_ a(p) and [], a(p)
will be used for series and products over the set of prime numbers in ascending order. As an
example, [], a(p) will mean [[;~; a(pn) where p,, is the n-th prime number. Before the theorem
we introduce the following

1.3.1 Definition. Let a : N — C be different from zero for some n. a(n) is said to be multiplicative
if a(nm) = a(n)a(m) whenever (n,m) = 1 (the greatest common divisor of n and m). a(n) is said
to be completely multiplicative if a(nm) = a(n)a(m) for any n,m € N.

(Note that if a(n) is multiplicative, then a(1) = 1.)

1.3.2 Theorem (Euler’s Product Identity). Let a : N — C and suppose that Y a(n) converges
absolutely. If a(n) is multiplicative, then

Z a(n) = H (1 + Za(p”)) . (1.7)

If a(n) is completely multiplicative,

o0

1mpg@im> (18)

Proof. Given that " a(n) is absolutely convergent, the series > > | a(p™) is absolutely convergent
for each prime p since this is a subseries of > a(n). Define

P, = H (1 + i a(p"))

p<k

n

where the product is taken over all primes less that or equal to k. P is a finite product of
absolutely convergent series. Applying inductively the the theorems on products of absolutely
convergent series as double series and rearranging these as simple series it follows that Py can be
expressed as an absolutely convergent simple series whose terms (with the exception of 1) are of
the form

a(pit)a(py?®) .- a(pf*) = alpip3® ... p;")
with p; < k different primes and «; > 0 for ¢ = 1,...,t. The last equality is due to the fact that
a(n) is multiplicative.
By the fundamental theorem of arithmetic there will be only one term a(py'p5?...py") for
each choice of primes smaller than k and exponents «; > 0. Taking Ax C N as the set of natural
numbers whose prime decomposition only contains primes smaller than & (including 1) it follows

that
P, = Z a(n).
ne€Ag
Therefore,

=13 am)| < Y Jam) < 3 la(n)]

ng Ay n¢Ay n>k

Z a(n) — Py

since n > k if n ¢ Ay. By the absolute convergence of }  a(n) one has that limy_.oc D, |a(n)| =

0, and so
a(n) = klin;o P, = H (1 + Zla(pn)> .
P n=

oo

n=1



If a(n) is completely multiplicative, |a(p)| < 1 for every prime p since otherwise Y > | |a(p™)| =
oo 1 la(p)]™ would diverge contradicting the absolute convergence of > a(n). Therefore, For every
prime p

1+ Y al") = )" = 1o

n=0

The representation of these series as products allows us to prove the following non trivial
corollary based on the properties of infinite products included in the appendix C.

1.3.3 Corollary. IfY " a(n) converges absolutely and a(n) is completely multiplicative then y_ a(n) #
0.

Proof. Given (1.8), one only has to prove that the product is different from zero. Since >_  a(p)
converges absolutely and a(p) # —1 for every prime (by arguments in the previous theorem), it
follows from C.4 in the appendix that [ ] [1 —a(p)] converges and is different from zero. Therefore,
by theorem C.2 one has

oo

1 1
am =11 (1 —a<p>> EATET

n=1 P
|

1.3.4 Corollary (Representation as Products). Let > f(n)/n® be an absolutely convergent Dirich-
let series for o > o, and suppose that f(n) is multiplicative. Then, in the half plane of absolute

convergence
=/ = f(
5 éf>H<1+z ;2)) o> 0

P n=1
If f(n) is completely multiplicative, then

> 02 =T (=) #0

n=1

for every s € C with o > o,.

Proof. Take a(n) = f(n)/n® and use 1.3.2 and 1.3.3 taking into account that a(n) is multiplicative if
f(n) is multiplicative and that a(n) is completely multiplicative if f(n) is completely multiplicative
since

flnm) _ f(n)f(m) _ f(n) f(m)

a(nm) = (nm)* = s T s s = a(n)a(m).

1.4 The Multiplicative inverse of a Dirichlet Series

From corollary 1.3.4 it follows that Dirichlet series are different from zero in their half plane of
absolute convergence if their coefficients are completely multiplicative. In this section a Dirichlet
series for (3 f(n)/n®)~1 will be calculated in this half plane.

The sought for series will be a consequence of a more general theorem where a series for
(3" a(n))~! is computed when Y a(n) is absolutely convergent and a(n) is completely multiplica-
tive. Under these hypothesis, .

S aln) = 1;[[1 —a(p)] (1.9)
by 1.3.2 and 1.3.3.

If one wishes to express (> a(n))~! as a series it is only natural to use (1.9) to find this series.

Define Py = [],<[l — a(p)]. If one expands this finite product the result will be a sum with
terms of the form

1

(=1)"a(p1)a(p2) ... a(p,) = (—=1)"a(pip2 ... pr)



with pq, ..., p, different primes less than k.
If we define again Ar C N as the integers whose prime divisors are all less than or equal than
k one is led naturally to define p: N — R by

1 if n=1
u(n) =< (=1)* if nis the product of k different primes (1.10)
0 otherwise

(this function is known as the Mébius p function) to write Py = >, 4, p(n)a(n) from which one
conjectures that

Ya(n)

The last equation is actually true and is proved in the next theorem.

LS wmatn).

1.4.1 Theorem. Let a(n) be completely multiplicative and suppose that > a(n) converges abso-

lutely. Then, .
(Z a<n>> =5 um)a(n)

n=1 n=1

where w is the Mébius u function defined by (1.10). The series on the right converges absolutely .

Proof. >~ u(n)a(n) converges absolutely since |p(n)a(n)| < |a(n)|. Using the same notation as in
the previous discussion one has

> umam) — A < 37 lumam)] < Y lu(ma(m)-
n¢Ay n>k

Now, since the term on the right tends to zero when k — oo,

Zlu(n)a(n) = klirrgo P, = (Z a(n)) .

n=1
|
1.4.2 Corollary (The Multiplicative inverse of a Dirichlet Series). Let Y. f(n)/n® be a Dirichlet

series with non empty half plane of convergence and suppose that f(n) is completely multiplicative.
Then, in the half plane of absolute convergence o > o, it is true that

= f(n - = u(n)f(n

and the Dirichlet series on the right also converges absolutely for o > .

1.5 The Logarithm of a Dirichlet Series

Given that the logarithmic function is not single valued on the complex numbers, the logarithm of
a Dirichlet series cannot be expressed as a Dirichlet series since the later are single valued. We will
find however a Dirichlet series which serves as one of the logarithms of any given Dirichlet series.

The first step will be to find a Dirichlet series for F’(s)/F(s) under some restrictions to F' and
to find the sought for series from this one. The following function, and accompanying property
will result extremely useful.

1.5.1 Definition. The von Mangoldt function A : N — R is defined by:

_J logp ifn= p* with p prime and k > 1
Aln) = { 0 otherwise

1.5.2 Lema. If f(n) is completely multiplicative and g is defined as g(n) = f(n)A(n) (g = fA),
then

(g f)(n) = f(n)logn.

10



Proof. Since f(n) is completely multiplicative,
(9% f)(n Zf Of (%) = Fn) 3 A@)

and so it suffices to prove that

> A(d) = logn. (1.11)

If n = 1 the equality is satisfied so assume n > 1 and write n = p{'ps? ... py*. Evaluating the left

had side of (1.11) one gets
k (e 73 ) k
DA =YY AP =) ailogp; =logn.
dIn i=1 j=1 i=1
since for every divisor d of n, A(n) # 0 if and only if d is a power of a prime. |

1.5.3 Theorem. Let F(s) =Y f(n)/n® be a Dirichlet series with f(n) completely multiplicative.
For any s in the half plane of absolute convergence of F(s),

F’j Zf

where the Dirichlet series on the Tight also converges absolutely in the same half plane.

Proof. Let Hp be the half plane of absolute convergence of F' and define G by
N i f(n)A(n)
n=1 n

Tt suffices to prove that F'/F = G or equivalently that F' = GF.
Now, G converges absolutely in Hp since

=, f(n)log(n
_Z:If( )nfjg( )

converges absolutely in Hp and |f(n)A(n)/n®| < |f(n)log(n)/n®| for all n. Therefore, by the
theorem 1.2.2 on products of absolutely convergent Dirichlet series,

= fA*
2

And so, by lema lema 1.5.2, F' = GF in Hp since fA x f = flog. |

1.5.4 Lema. If > f(n)/n® has a non empty half plane of absolute convergence,

lim

g —00

Proof. Choose a real ¢ in the half plane of absolute convergence and define

Syl

For every s € C with ¢ > ¢ one has

YIRS A
:2? S 7;2 Z nCnG' c — 20’ c’

The theorem follows from the fact that limy, . A4/2°7¢ = 0. [ |

11



1.5.5 Theorem (Logarithm of a Dirichlet Series). Let F(s) = Y. f(n)/n® be a Dirichlet series
f(n) completely multiplicative. For any s in the half plane of absolute convergence one has

F(s)= Gl
where
o f(n)A(n)
G =2 Siogn

Proof. Let Hp be the half plane of absolute convergence of F'(s). Since F'(s) # 0 in Hp (Corollary
1.4.2) and F is analytic in Hp, there exists an analytic function G(s) defined on Hp which satisfies
(look for example in [Con73], p. 87)

F(s) = e%® s€ Hp.

Differentiating this equation one obtains F'(s) = G'(s)e“(®) = G’(s)F(s). Therefore,

)= £ 3 S L12)

by theorem 1.5.3. Integrating term by term which is possible since convergence is locally uniform
in Hp, one obtains

f(n)A(n)

nslogn

G(s):C—i—i

Lema 1.5.4 is used to find C. Given that F(s) = ¢%() and that the exponential is continuous,

lim F(s) = elimo—oo G(5)
o—00
which by the lema translates into f(1) = e“. However, since f(n) is multiplicative and different

form zero for at least some n, f(1) = 1 and so C is a complex logarithm of 1. In particular one
can take C' = 0. |

The Dirichlet series for G(s) can also be obtained from the product representation of F(s)
(1.3.4). This alternate way gives some motivation for the definition of the A(n) function but uses
more delicate arguments. One basically uses the fact that

> —log(1 - f(p)/p*)

P

converges where log stands for the principal branch of the logarithm (argument between —m and
m). This is proved using the Taylor series of log(1—z) (the principal branch) convergent for |z| < 1.
Note that |f(p)/p?| < 1 for every prime p under the hypothesis of the theorem. Using this fact and
the continuity of the exponential function, the series is a logarithm of F(s). After some algebraic
manipulation one manages to rewrite this series as a Dirichlet series (Look for example in [Apo76]
or [JamO03]).

1.6 An Application: Mobius Inversion

On section 1.4 it was seen how Euler’s product formula motivates the definition of the Mobius p
function. In this section, somehow outside the main theme of this work, we will se how the use
of Dirichlet series leads naturally to the number theoretic formula known as the Mobius inversion
formula from classical number theory.

Suppose one has complex sequences {ay, }rnen,{bn }nen satisfying

Ay = Z bd
d|n

and one wishes to find an expression for b,, in terms of the sequence {a, }nen-
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Theorem 1.2.2 on products of Dirichlet series suggests considering the Dirichlet series > 1/n®
(convergence issues will be ignored since they will be studied in the next chapter) since if > a,, /n®,> b, /n®
and > 1/n® converge for some s € C then by the theorem one can write

ri-(ZR)(Z%)

for every s € C where all series converge absolutely.
By 1.4.2 one also has that
L 3 p(n)
ns ’

Ca- (T (Zh) -

Therefore, by the theorem on uniqueness of coefficients 1.2.1 one will have

b, = Zadu (g) .

d|n

and so,

This last result is precisely the Md&bius inversion formula and is widely used in classical number
theory. It is worthwhile to point out that it is true without the requirement on the convergence of
the Dirichlet series used in the previous argument and its proof is elementary but ill-motivated. In
this context, the hypothesis on the convergence of the series can be avoided by defining a!, = a,, if
n < N and zero otherwise (likewise with b, ) and proving the formula inductively.

13



Chapter 2

Riemann’s ( function

2.1 Definition of the ( function and general properties

The Riemann (¢ function is defined as the series > - 1/n® wherever it converges. The next
theorem describes the region where it converges.

2.1.1 Theorem. The Dirichlet Series Y. 1/n® converges absolutely if o > 1 and diverges if o < 1.
In this way, following the notation of theorem 1.1.2, 0, = 0. = 1.

Proof. One has |1/n®| = 1/n%. Absolute convergence for o > 1 follows from the convergence of
the integral floc 1/2°dx. The statement follows from 1.1.2 since > 1/n diverges. ]

2.1.2 Definition. Riemann’s ¢ function is defined for Re s > 1 by

()=

In what follows, the consequences from the theory on general Dirichlet Series to the Riemann
¢ function will be given. In all of them s will be assumed to have real part ¢ > 1.

2.1.3 Theorem. The ( function is analytic and ¢'(s) can be expressed as an absolutely convergent
Dirichlet Series for o > 1 by

o0

C/(S) _ _Z 10gn.

ns

n=1

2.1.4 Theorem. ( admits the following representation as an infinite product over the prime num-

bers )
_ Sy L p®
C(S)H(l ps) . ps—1

p

2.1.5 Theorem. ((s) # 0.
Proof. By the product representation. |

2.1.6 Theorem. The function 1/{(s) is analytic and can be expressed as an absolutely convergent

Dirichlet Series for o > 1 by:
1 opn)
@ "

where p s the Mobius u function defined in (1.10).

2.1.7 Theorem. '/ can be expressed as an absolutely convergent Dirichlet Series for o > 1 by

¢(s)

where A(n) is the von Mangoldt function defined in 1.5.1.

o) _ A
n=1 n’ ’

14



2.1.8 Definition. log((s) is defined for Re s > 1 by

log ((s) = Z W_
n=2

2.1.9 Theorem. log((s) is a logarithm of ((s) ('°8¢(8) = ((s)), it is real when s is real, and the
Dirichlet Series which represents is absolutely convergent where it is defined (Re s > 1).

2.2 Relation of the ( with Number Theory

In this section, the relations between the ¢ function and Number Theory will be explored. The
first mathematician to note the connections between ( and the integers was Euler. His studies
concerning the ¢ function led him to results such as 1.3.2 and an analytic proof in the infinitude of
prime numbers, which will be shown in what follows. The content of this section will not be used
in other parts of this document.

2.2.1 Lema. For real o with o > 1, {(c) > 1/(c —1).
Proof. By B.3,
/ 1 _ Nl o
S o—1

The result follows making N — oo. ]
2.2.2 Theorem (Modification of Euler’s Proof). There exist an infinite amount of Prime numbers.

Proof. Take the equality ((o) =[], (1 — ]9*(")71 with real o > 1 and make o — 1*. The existence
of only a finite number of primes would imply that the product converges to the rational number
Hp (1 — p‘l) ~' but this contradicts the fact that (o) is unbounded when o — 1T by the previous
lema. |

Even if it seems like a very long road to prove a theorem that has proofs as simple as the
one given in Euclid’s Elements, its importance lies in the fact that it was the first proof in which
the tools of analysis were used to prove facts about integers. Moreover, the proof establishes a
link between the Fundamental Theorem of Arithmetic and the existence of infinite primes since
the representation of ( as an infinite product from 2.1.4 is obtained almost as a consequence of
Fundamental Theorem of Arithmetic.

One can also prove the divergence of the series Zp 1/p following the previous line of proof, as
was first done by Euler. I will not develop on such a proof, but the interested reader can take a
look of a proof of this fact using the ¢ function in [Gro84]. Euler’s original proof of theorem 2.2.2
may be found in [Dia96].

There are certain very intriguing equalities concerning the ¢ function and common arithmetic
functions in Elementary Number Theory. Some of these equalities will be shown in what follows.
Definitions of the functions concerned are included as reference.

2.2.3 Definition. ¢(n) is the number of integers < n which are relatively prime with n.

¢ is known as the Fuler ¢ function. The following property of ¢ can be found on any text of
Elementary Number Theory. (eg, [Rub99], pg. 74).

2.2.4 Theorem. }_, &(d) =n for all n.
2.2.5 Theorem. Y ¢(n)/n® converges absolutely for Re s > 2 and
_C(s—1) 1—p—*
Z - ) ];[ 1— pl—s :

Proof. Absolute convergence follows from the fact that ¢(n) < n, therefore . ¢(n)/n® < > 1/n*"! =
¢(s —1). For the first equality note that by theorems 2.2.4 and 1.2.2,

(o3 2 Z&:Z: 1)

n=1

The equality follows since ((s) # 0. The second equality is a consequence of 2.1.4. ]
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2.2.6 Definition. The function o, with a € C is defined by
n) = Z d*.
d|n

oo is usually denoted by 7. Note that 7(n) is the number of divisors of n. oy, the sum of the
divisors of n is usually denoted by o.

2.2.7 Theorem. Y o,(n)/n® converges absolutely for Re s > max{1l,1+Re a} and
= aln
> 7 — ¢s)cts — o).

ns
n=1

Proof. Take f(n) = n®. Since Y f(n)/n® = {(s — a), > f(n)/n® converges absolutely for Re
s > 14+Re «. This implies that

((5)C(s — @) = ZZW Z

n=1

converges absolutely for Re s > maz{1, 1+Re a}. [ ]

The previous equalities can be used to prove identities about convolution in a very straight
forward manner. For example, the identity

Z¢ r(n/d) = o(n)

is a direct consequence of

((s—=1) » _ s
O ¢“(s) = ¢(s = 1)C(s)

by the theorems on products of Dirichlet Series and uniqueness of coefficients since 3, ¢(d)7(n/d) =

(¢ 7)(n).
The following result if of great importance since from it one can deduce the equation which
Riemann used in his revolutionary (and only) article on Number Theory (See [Gro84] and [Rie59]).

2.2.8 Theorem. Denote by w(x) the number of primes which are < x and consider o € R with

o> 1. Then,
log (o) = 0/2 x(ﬂ—(x)ld(ﬂ.
Proof. Given the equality ((o) =[], (1 - p“’)_l7
log (o Z log(1 —

:_Z 72 n) —m(n —1)]log(l —n=7)

were the last equality follows from the fact that w(n) — w(n — 1) is the characteristic function of
prime numbers.
Using Abel’s Identity B.1 with a(n) = w(n) — n(n — 1), f(z) = log(l — 27 %), y = 2 and
x = N > 2 one obtains
N

> a(n)log(l—n=7) =m(N)log(l — N=7) — m(2)log(1 — 277)

n=3
Y R )
0'/2 e 1)dx
since A(z) =3, ., [m(n) —m(n —1)] = m(x) and so,
N

N
Z[W(n) —7(n—1)]log(l—p~ ) =n(N)log(l— N~7) — a‘/z )

n=2

However, since m(n) < n, limy_,oo 7(N)log(l — N~7) = 0 and the equality follows by taking
N — oo. |

It can be proved that the previous equality also holds replacing o by s € C with Re s > 1 and
taking log ((s) as the function defined in 2.1.8.
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2.3 Analytic Continuation of ¢

This section relies heavily on the properties (analyticity in particular) of functions defined by
a certain type of integral known as Dirichlet Integrals. The following theorem is proved in the
Appendix D. Note the similarity with 1.1.4.

2.3.1 Theorem (Appendix D.3). Let N € N, N # 0 and f : [N,00) — C continuous except
possibly at NN [N, 00) where however, right and left limits exist. If there exist M,a € R such that

|F(@)] < Ma®, then
= f@),

N :Es—&-l

converges for s € C with o > « and if one defines I(s) as the value of this integral, then I(s) is
analytic in Re s > a and its derivative is given by

I'(s) = —/NOO de.

zs+1

The next theorem shows us a way to express ( in terms of integrals. Its main use is that the
expression is analytic in a region larger than Re s > 1. This allows to extend the definition of the
¢ function.

2.3.2 Theorem. The following equality is valid for all N € N

N

1—s oo _
¢(s) = 1—|—N s/ L[x]dx Res>1
N

ns | s—1 st
n=1

and the integral on the right is analytic (as a function of s) in the half-plane Re s > 0.

Proof. Taking f(z) = 1/2° in Euler’s Summation Formula B.2 with y = N, x = M > N, N and
M integers,

M M M
1 1 x — [x]
n=N+1

Take s with o > 1 and make M — oo in (2.1). All the terms converge since the sum is the tail of
the ¢ function and the integrals satisfy the hypothesis in 2.3.1. Therefore,

oo

1 >~ 1 *r—
Z —:/ —dm—s/ LJr[lx]dx.
ns N x° N 8

N
n=1

*z— [z]
—S/N pores) dx

is analytic for o > 0 is a consequence of 2.3.1 taking f(z) =2 — [z] <1 and o = 0. |

Evaluating the integral on the left and adding >
the stated equality. The fact that

1/n® on both sides of the equation one obtains

The expression obtained using NV = 1 in 2.3.2 is particularly simple and motivates the following.

2.3.3 Definition. ((s) is defined for Re s > 0, s # 1 by

C(s) =1+ ! —S/loox_[x]dx.

s—1 s+l

From now onwards, whenever we mention the function ¢ we will be referring to the function
in the previous definition. It is clear that by theorem 2.3.2, this function coincides with > 1/n®
if o > 1. It should be noticed however that the theorems proved before 2.3.2 are only valid for
o>1.

In particular, Riemann’s Hypothesis, still without proof, states that the only zeros of ¢ with
positive real part have real part ¢ = 1/2 (this did not make sense before the analytic continuation).
Note that 2.1.5 guarantees that if any zeros exist, these must have real part o < 1. An essential
part of the proof of the Prime Number Theorem that will be shown in this document will depend
essentially on the behaviour of the zeros with ¢ = 1. It will be shown in the next section that (
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has no zeros with real part ¢ = 1 by the use of some quite technical but very ingenious arguments.
The behaviour of the zeros of ( has eluded the efforts of the most eminent mathematicians. It
seems incredible that no mathematician has even been able to prove the existence of a region of
the form Re s > ¢ with ¢ < 1 where ¢ has no zeros.

As a last comment about Riemann’s Hypothesis, the restriction zeros with real part comes from
the fact that the ¢ function can be continued analytically to the whole complex plane with the
use o a functional equation initially discovered by Euler in the real case and finally proved by
Riemann. This continuation has zeros in the negative even integers and it is know that they are
the only zeros with negative real part. This continuation however will be of no use in the present
document, but the interested reader may look in [Apo76], [Gro84] or [Jam03] for the details.

2.3.4 Theorem. ( is analytic in Re s > 0 except at the point s = 1 where it has a simple pole
with residue 1.

Proof. Simply note that

<<s>—si1=1—s/1 L

and the expression on the right is analytic for s > 0 by the previous theorem. ]

2.3.5 Corollary. lim,_,1(s —1){(s) =1

Now we will prove that the identities in 2.3.2 are still valid for our new ( function. They are
of course still true if Re s > 1 and by a simple application of a theorem on uniqueness of analytic
continuation one can conclude that it is still valid for Re s > 0. However, a direct proof can be
given:

2.3.6 Theorem. For Re s > 0 and for every N € N with N > 1, {(s) can be expressed as

N

1 Nli-s * x—[z]
= — - ——dz.
C(S) —~ ns + S — 1 S/N strl .27
Proof. By definition,
1 - [z]
C(S):lJFS_l*S/l pores) dx. (2.2)

Taking f(x) = 1/2° in Euler’s Summation Formula B.2 with y = 1 and z = N one obtains

N N N
1 1 x — ]
E —= /1 Ed:c — s/l poews) dx. (2.3)

n=2

Evaluating the first integral and adding 1 in (2.3) it follows that

N - N
1 1 Ni=s x — [z]
— =1 — — ——dx. 24
;ns +s—1 s—1 8/1 gt 07 (24)
Finally, subtracting (2.4) from (2.2) one obtains the desired identity. |

2.3.7 Theorem. For Re s >0 and s # 1,

C(s) = —iloﬂ —l—s/oo (z = [z)) logx [m])ngdx—/oo T [x]dx
L s N 2o+l N aTl
B N'=slog N B Ni=s
s—1 (s —1)2°
Proof. The usual rules of differentiation and theorem 2.3.1 for the derivative of the integral. W
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2.4 Proof of ((1+it) #0 for t # 0

2.4.1 Lema. Let F(s) =) f(n)/n® be an absolutely convergent Dirichlet Series for o > o, with
f real and positive. If s = o + it with 0 > o, then

3F(0) +4Re F(o +it) + Re F(o + 2it) > 0.
Proof. One has

oo

3F(0) + 4F (0 + it) + F (o + 2it) Z

—it + n72it).

Taking real parts and noticing that Re n~% = Re e~%@1°8" = cos(alogn) it follows that

3F (o) +4Re F(o +it) + Re F(o + 2it) Z 3 + 4 cos(tlogn) 4+ cos(2tlogn)).  (2.5)

However, for every a € R,
3+ 4cos() + cos(2a) = 2 + 4 cos(a) + 2 cos?(a) = 2(1 + cos(a))? > 0.
Therefore, the Dirichlet Series in (2.5) is > 0 since f is positive. ]
2.4.2 Corollary. If o > 1 then
(o) ¢ +it)| [¢(o + 2it)| = 1.

Proof. Consider the function log((s) defined by 2.1.8. Since log|((s)| = Re log((s), log((s) is
real when s is real, and A(n) is positive. It follows by lema 2.4.1 that

CS(J) |C(0’+it)|4 |C(O’+2’Lt)| _ 6310g§(0) +410g‘<(0+it)| +10g‘<(0+i2t)‘
> =1.
|

The following theorem, proved independently by Hadamard and de la Valle Poussin, was the
first result on the zeros of ¢ in the region 0 < Re s < 1. Using this result, they also independently
gave the first proofs of the Prime Number Theorem. The ideas present in the present exposition
are simplifications made by Mertens and de la Valle Poussin of an argument of Hadamard.

2.4.3 Theorem. ((1+it) #0 fort #0.

Proof. By the previous corollary, if ¢ > 1 then
¢*(0) [¢(o +it)[* ¢ (o + 2it)] > 1.
multiplying and dividing by (¢ — 1)* one obtains,

(o +it)|*
oc—1

[(o = 1)¢(o)] (0 = 1)¢(o +i2t)] > 1. (2.6)

If one assumes the existence of a t # 0 such that (1 + it) = 0 one reaches a contradiction with
the previous inequality taking ¢ — 17 since the term [(¢ — 1)((¢)]* — 1 by 2.3.5, the term
|(o — 1)¢(0 + i2t)| — 0 because (o +i2t) — ((1 + i2t) by continuity, and the limit

lim LU + i)
o—1t o—1

exists since under the hypothesis {(1 + it) = 0, and so it is simply ¢’(1 + it) which is finite since ¢
is analytic. In this manner,

lim [(o — 1)¢(o)

o—1+

(o +i2t)| =0

O’-I—Zt |
o—1

which contradicts (2.6). |

For the chain of ideas that led Hadamard to these arguments look in [Gol73].
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Chapter 3

The Prime Number Theorem

The Prime Number Theorem (PNT) states that:

m(z)

P z/logx ! (3:-1)
where 7(x) is the number of primes < 2. The asymptotic equality in (3.1) is usually expressed as
7(x) ~ x/log(z) adopting the convention that f(z) ~ g(z) means lim, o f(x)/g(z) = 1.

Given the analytic properties of Dirichlet Series, and the close relationship which these have
with the multiplicative structure of the integers, Dirichlet series become a valuable tool for the
study of multiplicative functions since the behaviour of the series can shed light on the nature of
its coefficients. The purpose of this chapter is to show one of the ways in which Dirichlet Series
allow one to understand the nature of its coefficients. This will eventually result in a proof of the
PNT. In essence, the arguments which follow come from [Jam03] which in turn is a generalization
of one of the various proofs of the PNT using Complex Analysis. Even though this exposition
somewhat obscures the proof of the PNT, it shows that a more general result is valid.

3.1 Strategy and Main Ideas of the Proof

As was already said, the main idea is to take the Dirichlet Series F(s) = > f(n)/n® and obtain
information about the coefficients from the analytical properties of F. Specifically, an asymptotic
identity involving the partial sums S¢(z) = >, -, f(n) will be obtained. In the case of the PNT
the idea is of course to take f(n) bearing some relation with prime numbers.

A first choice for f would of course be the characteristic function of prime numbers in which
case Sy(x) = m(x). However, this f is not multiplicative and so various of the theorems proved
about Dirichlet Series are not applicable. It will be noticed later that they turn out to be essential
in the proof of the PNT. As far as I am aware of, there is no analytical proof of the PNT using
m(x) directly.

Even thought the relation between Dirichlet Series and prime numbers is now evident (partic-
ularly by Euler’s Product Identity), a relationship between prime numbers and f(n) is only found
when f is completely multiplicative. If this is the case, the Dirichlet Series for F'(s)/F(s) from
theorem 1.5.3 has the form:

F'(s) _ x~ f(n)A(n)
F(s) _T; ns

(alternatively for the series log F'(s) of theorem 1.5.5), where A is defined by

A(n) = logp if n=p* with p prime and k > 1
10 otherwise.

This takes a particularly simple form by taking ¢ as F' (that is, f(n) = 1). It is worthwhile to
point out the fact that the preceding discussion is far from what historically happened. Actually,
the inverse process took place, that is, the properties of the ¢ function where discovered and they
were later generalized to become the theory of Dirichlet Series introduced in the first chapter of
this document. In any way however, one has

'(s) _ 5~ Am)
) "2
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The partial sums of the coefficients of this series deserve their own name.

3.1.1 Definition. Chebyshev’s ¢ function is is defined by

z) = A(n)

n<z

The importance of 1 (x) rests on the fact that if in fact w(z) ~ z/logx, then ¢ (z) should
behave like z. To see this (heuristically) note for a fixed prime p < z, there are exactly [log, z]
powers of p less than z since [logp x] is the greatest integer power of p less than x. Therefore, given

that log, » = logz/logp,
- 3000 = 3 [
n<z p<z ogp

In this way,

P(x) = Z Fng} 1 1ogp logxz 1~z

lo
p<z &p p<lz p<z

where the last approximation comes from the fact that if w(x) ~ z/logx, then in a sum of the
form Zpgx there are approximately z/logx terms. The following theorem is a rigorous proof if
this fact.

T

3.1.2 Theorem. (x) ~ x if and only if ©(z) ~ gz
x

Proof. By the previous arguments,

v) = 3 |22 towp < 3 12

= log p o= logp

logp = 7(z)log z. (3.2)

Take 1 < y < z and notice that

m(x) =7(y) + Z 1< n(y Z Ing M

y<p<lzx y<p<lx logy logy

Therefore, putting y = x/ log® 2 one obtains

x Y(x)

3.3
m(@) < log? x * logz — 2loglog x (3.3)
and combining the inequalities (3.2) and (3.3) it follows that
@) o rle) 1Y) logs
x ~ xz/logx T logx z logz —2loglogx
from which the statement follows. |

In what follows, an exposition showing that the properties of ¢’/¢ imply ¥ (x) ~ x will be given.
The arguments are quite long and complicated. An essential part of the argument will require the
use of the analyticity of ¢’(s)/((s) on the line Re s = 1, s # 1. This is the reason why the fact
that ¢(1 +it) # 0 for ¢ # 0 is of so much importance.

It is worthwhile mentioning the fact that shortly after the PNT was proved, it was shown that
C(1+41it) #0 for ¢t # 0 is in fact equivalent to the PNT (see [Dia96]).

3.2 Technical Preliminaries
Some results from complex analysis will be needed for the proof of the Main Theorem. The proofs

are given in this section. The following definition will be of great use to state the propositions
more clearly.
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3.2.1 Definition. Let f(s) be a complex function, analytic in some open set containing the vertical
line L, ={s=c+it:t € R}. If

c+ioco (e’ c 0
ds = i it)d d ds = j it)d
/c f(s)ds /0 if(c+it)dt an /c_ioof(s) s /—oto(C+Zt) t

converge, the integral of f(s) over L. is defined by

c+iT T
/ f(s)ds :== lim f(s)ds = lim if(c+it)dt
L.

T—oo J._iT T—oo J_p

In what follows, the symbol [ will be used to mean limy_.o f_TT
Integrals of the form previously defined are the ones which allow one to obtain information
about the coefficients of a Dirichlet Series.

3.2.2 Lema. If C is simple closed positively oriented path containing s = 0 in its interior, then

eas
—2ds = a2mi.
c S

Proof. Since the Laurent series for e%*/s? centered at s = 0 is

e®? 1 = (as)” 1 a = ats" 2
iyt e ,
52 52 n! 52 s n!
n=0 n=2
the lema follows using theory of residues since the residue of e%*/s% at s = 0 is a. |

3.2.3 Lema. Ifc > 0 then
1 x:ds | logx siz>1
2mi Jp. 2 | O si0<z<l1

1 x5! logz siz>1
— — ds= .
2mi Jr, (s —1)2 0 st0<zx <1,

and if ¢ > 1, then

Proof. The second statement follows from the first since by writing ¢ = 14 b (with b > 0), one

obtains ) - it
1 S 1 Ml 1 §
2mi Jp, (s —1)2 21 J_o (b+it)? 2mi Jp, s2

For the first statement, let C'r be the circle of radius R > ¢ with center s = 0. Let Cy,, Cs,, be
the segments of C'gr which lie on the left and on the right of L. respectively, and let Lg be the
segment of L, contained in the interior of Cr. Then Ci, U Lr and Cs, U Lg are simple closed
paths and limg_ . Lr = L.

For z > 1 consider the integral over C4, U Ly with positive orientation. By lema 3.2.2 with
a =logx,
1 T8 1 e’ log x

S = —
1 2 y 2
211 ClRULR S 211 ClRULR S

ds =logz. (3.4)

With the orientation of the path one also has limp_, o fLR = [, . Therefore, since by (3.4),
logz = fClRULR = fClR + fLR’ to complete the proof one only has to show that limp_, o fCIR =0.
With this in mind, one finds a bound for the integrand on C',.

If s € Cy, then 0 < ¢, and since = > 1,

i z? z? z¢
Tl =2 < 3.5
s2 |s?2|  R? ~— RZ? (3:5)
And so, since the length of C, is less than 27 R,
1 i 1 z¢ €
— —ds| < —=21R = —.
ori /CIR 2P ST TR
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Therefore limp_, oo fCl = 0 as desired.
R

In the case 0 < x < 1 consider the integral over Cy,, U Lr with positive orientation. It follows
again that imp_ o fLR = [, . Since 2*/s? is analytic in Cy, U Lg and its interior,

1 x?

27 CapULR S

by Cauchy’s theorem. It is therefore again sufficient to prove f02 — 0. However, since for
R

s € Cq,, one has ¢ > ¢ and in this case # < 1, the bound (3.5) continues to hold. Therefore,
limp_ oo f02 = 0 which in turn implies fL =0. n
R c

3.2.4 Lema. Ifc>1

i s ds — z—1 ifz>1
2mi Jp, s(s—1) | 0 fo<z<l1

L/ ! PR I R Ve R |
2mi Jp s(s—=1) 1 0 if0 <z <1,

and

Proof. The proof is similar to the previous one. First of all note that the second statement follows
from the first since

dt

1 LL‘S_l 1 /OO il’c+it_1

_ = ds= —
omi Jp s(s— 1) 2mi ). (c+it)(c+it —1)

11 /°° ixcxlt i@t
S 2mix J_ o (c+it)(c+it —1)
11 s
SR,
x2mi Jp_ s(s—1)
For the first statement, fix ¢ > 1 and define Cg, C1,, C2, and Lg as in the previous lema. For all
s € Cg one has |s(s — 1)| > R(R — 1) by the inequality |so — s1| > ||so| — |s1]]-

For # > 1 consider C;, U Lr with positive orientation and note that the integrand can be

written as

S S S

® T
s(s—1) s—1 s’

Since f(s) = x® is analytic in, and in the interior of C4,, U Lg, one obtains from Cauchy’s theorem

that ) )
—/ Eds:f(O)zl and —/ &ds:f(l):m.
27Tl ClRULR S 27TZ ClRULR S — ].
Therefore,
1 S
— Y ds=z-—1.
2mi Jo, oL s(s—1)
Now, since for s € C1, > 1and 0 <e¢,
¥ z? x€
= . 3.6
5(51)’ |s(s—1)] — R(R—1) (3.6)

This implies,

<= 2R = .
ST RE-D TR

L/ ST
2mi Jo,  s(s —1)
And from this follows that
1 s 1 s
— - him — [ - —ds=a-1.
2mi /Lc s(s—1) R 27 /Ln s(s—1) ST

in a manner similar to the proof of the previous lema.
In the case 0 < = < 1, the integrand is analytic in Cs, U Lr which implies sz ULp = 0 and
R

(3.6) is also valid for s € Cy,. This allows to conclude that limg—co [, = 0, from which follows
R
that [, =0. u
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3.2.5 Lema. Let g : R — C with continuous derivative in [1,z]. Let a : N — C and define
A(z) =3, <, a(n). Then,

> alwlafe) 9] = [ A0y @)

Proof. Using Abel’s identity B.1 with y = 1,

However, since A(1) = a(1),
| A0t = aigte) - X atmign) = 3 awgta) - gl
|

The following theorem establishes a relationship between the partial sums of the coefficients of
a Dirichlet Series with the behaviour of Dirichlet series over vertical lines.

3.2.6 Theorem. Let F(s) = Y f(n)/n® be an absolutely convergent Dirichlet Series for o > 1

and let
Si(@) = Y f(n).
n<z
One has the following equality when ¢,z > 1

s—1 x
L. LF(S)dS = / 5: ) dy.
2mi Jp, s(s —1) 1y

Proof. Fix > 1, ¢ > 1 and define G(s) and H(s) by

a) = a3 T =5 (2

His)=a* @ L) (%)

Note that z°F(s) = G(s) + H(s). The integrals for G(s) and H(s) will be evaluated separately.
For the integral of G(s) one obtains from lema 3.2.4 that

zim' . sg(—S)mds =2 <f (")% /L s(é/f)f) ds) = Zx o (1)

n<x

since z/n > 1 for every term in the sum.

To calculate the integral of H(s) consider the circle of radius R > ¢ with centre s = 0 and let
CRr be the part of the circle on the right of L. and let Ly the segment of L. contained inside the
circle. H(s) is analytic in Lr U Cr and its interior since F(s) is analytic for ¢ > 1. Therefore,
orienting Lr U C'g positively one obtains

H(s) |
/c ss-n®=0

and with this orientation one also has limp_, s fLR = [, . A proof that limp_.o fCR = 0 will be

given. This will imply that ch =0.
Let A=x¢%" _ |f(n)]/n° Since c > 1, A < oo by the absolute convergence of F(s). If ¢ > c,

S

= ’ZM ()| =X el [F] < X 1ol =4

>x
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since in this case /n < 1 for all terms of the series. Therefore, given that o > ¢ for s € Cg one

obtains H(s) A o A
S T
ds| < — A _oppo 24 .
/CRS(S—l) S‘R(R—l) =g (37)

This implies that the integral in (3.7) tends to 0 when R — oo and since fLRUCR = fLR + fcR’

H{(s) s = lim H(s) s =
/Lg S(S—l)d }%IHOO/LR S(S—l)d 0

Combining the results for G(s) and H(s) one concludes that

o /L s = 3 1) (5 1))

n<x

and by an argument similar to the one used in the lema 3.2.4, this equation can be written as

2o g (-]

n<z

Note that the previous equality basically shows that the symbols of series and integral could be
interchanged. To arrive at the desired equality one uses lema 3.2.5 with g(y) = 1/y and a(n) = f(n)

to obtain Z [f(n) (Tll ) )} Z ‘o _ g(n)] = /j Sfy(;/)dy.

n<x n<x

3.2.7 Theorem (Riemann-Lebesgue Lema). Let ¢ : R — C with continuous derivative and suppose
that [*_|p(t)|dt converges (in particular f o(t)|dt y [° |¢(t)| dt converge). Then, for X € R

o0

lim eMp(t)dt = 0.

A—oo J_

Proof. Let e > 0. Since [*_|¢(t)| dt is convergent, there exists T > 0 such that f o(t)|dt < e/3
and [ |p(t)|dt <e/3. Therefore, for every X one has

> it > it >
[ ¢(t)dt’§/T| o(t)| dt = /T|¢(t)|dt<5/3

| / M (t)dt

Now, since ¢'(t) is continuous in [—T,T], the exists M such that |¢'(t)] < M for t € [-T,T].
Taking

< / o) dt < </3

Fr()\) = /_ i e Mo (t)dt

and integrating by parts, one obtains

T
Fr(\) = iA <eMT¢(T) — e AT H(—T) — / e“td(t)dt) .
¢ -T
And so,
1 B
IFr(0)] < +(16(D)] + [6(-T)| + 2700) = 2
with B independent of A. Take A\g such that |Fr(\)| < &/3 for A > A\g. For A > )¢ one has

’/Oo e“%(t)dt’ <e.
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3.3 A General Theorem

All the tools for the proof of the Main Theorem have now been developed. The proof of the Main
Theorem has been broken up into various steps to facilitate its reading. As will be seen, to prove
the PNT one will have to bound in a very strict manner ¢’(o + it)/((o + it) in terms of ¢. First of
all a lema.

3.3.1 Lema. Let A: [1,00) — [0,00) be a monotonic non decreasing function and suppose there
exists an « such that o 4
x) — ax
[ A,
1 x
converges. Then, !

A(z) ~ az.

Proof. The proof will be given for « = 1 and then the general case will be proved.
Suppose there exists A > 1 such that A(z) > Az for some z. Given that A(z) is increasing, one

has \ \ \
/ A(t)—tdt>/ )\x—td 7/ A—t
T t T t 1 t2

where the last equality is obtained with the substitution ¢ = zu. Since the last integral is inde-
pendent of x, the existence of infinite z,, with x,, — oo for which A(x,) > Az, contradicts the
convergence of the integral.

In a similar manner, the existence of A < 1 with A(z) < Az implies

T A(t) —t T Ap—t
/%dtg/ T =
Az t Az t

which again contradicts the convergence of the integral with the existence of a sequence x, where
X, — 00 such that A(x,) < Ax,.
If a # 1, notice that

)\,

A

/°° A(x)faxdx:a/oo A(x)/afxd%
1 1

x? x2
Therefore, if the integral converges one would have lim, ., A(x)/ax =1, that is, A(z) ~az. W

3.3.2 Theorem. Let F(s) be a complex function, analytic in an open region containing Re s > 1
except possibly by a simple pole at s = 1 with residue «. If,

1. F admits a representation as a Dirichlet Series Y, f(n)/n® with f non negative in some open
set containing Re s > 1, and absolutely convergent for o > 1.

2. There exists tg > 1 and a function P : [1,00) — [0,00) such that

()/ dt converges.
(b) |F( aj:zt)| < P(t) foro>1,t >t

Z f(n) ~ax

n<z

Then,

Proof. By lema 3.3.1 it is enough to prove that

/Oo Sy(z) — ar
1

x2

where S¢(z) =, -, f(n), converges. The following steps are a proof of this.
STEP 1: Construction of ¢.

I'Remember that f(z) ~ g(x) means lim,—oo f(z)/g(x) =
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Let G(s) = F(s) — a/(s — 1) for s # 1. Defining G appropriately at s = 1 one makes G(s)
analytic in Re s > 1. Let b be the residue of the simple pole of G(s)/(s — 1) at s = 1 and define

G(s) b

h(s):sfl s—1

for s # 1. Define h(1) in such a way that h(s) is analytic in Re s > 1. Let now B = b — a and
define ¢(s) = h(s)/s. Therefore, ¢(s) is analytic in Re s > 1 and one also has

_ FG) o B
9(s) = s(s—=1) (s=1)2 s(s—1)

(3.8)

for s # 1 (this equality is not straight forward, but can be obtained after some algebra or partial
fractions for example).

STEP 2: Integral over L.
For x > 1 and ¢ > 1 define

I(z,c) = ! /L:csflgb(s)ds.

T 2mi
Fix ¢ > 1. Using the expression for x°~1¢(s) obtained from (3.8), that is,

¥ IF(s) 2 la 1B

s—1 — — -
" g(s) = s(s—1)  (s—1)2 s(s—1)

and the convergence of the integrals over L. of each one of the terms, one obtains by the results
in section 3.2 that for ¢ > 1

I(z,c) :/1 Sfy(zy)dy—alogx—B <1—1>

X

:/ Sf(y)QaydyB<11)_
1 Y r

This shows that I(x,c) is independent of ¢ and that to obtain the result it is sufficient to prove
that I(z,c) converges when  — co. To prove this, the line of integration will be shifted to ¢ = 1
and the the Riemann-Lebesgue lema will be used. Since the expression for I(z,c) has only been
shown for ¢ > 1, it will be necessary to prove that I(z,c) = I(xz,1).

STEP 3: Bounds for ¢(s).
From (3.8) it follows that

|F(s)| + |B] |af
ls(s =D |s—1)*

6(s)] <

Taking s = o + it with o > 1 and |¢| > o one obtains |s(s — 1)| > ¢2 and |s — 1> > ¢2. therefore,
defining P (t) = P(t) + |B| + |a|, and using the hypothesis on P(t) one obtains

: P(t)+|B|+|a]  Pi(t)
ol )| < TOHBIHIL_ A,

Since [ Py(t)/t?dt converges for o > 1, then ftzo |p(o +it)|dt and f:;‘; |¢(o + it)| dt converge.

In particular, given that ¢(1 + it) is continuous in [—tg, to],

/ |o(1 +dt)| dt < oc.
STEP 4: I(z,c) = I(z,1) forc> 1.

Let g(s) = 2°7'¢(s). To prove that I(x,c) = I(z,1) consider the rectangular path R with
vertices ¢ £ it and 1 £ it. Give R positive orientation and let V., V; be the vertical segments of R
at 0 = ¢ and o = 1 respectively. Similarly let H_;, H; be the horizontal segments. Notice that

lim—eo [i, g(s)ds = I(x,c) and limy oo — [}, g(s)ds = I(z,1).
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Since ¢(s) is analytic in R and its interior,

/Rg(s)ds =0.

_/Vl g(s)dsz/v 9(3>d8+/H_tg(s)der/Htg(s)ds.

c

Therefore,

So, to prove the equality it is sufficient to prove that [, g(s)ds and [, g(s)ds tend to zero when

t — o00. The proof of this fact will be given for | H, The other case is similar.
Notice that

144t c c
/ g(s)ds = / g(s)ds = —/ ig(o +it)do = —/ iz T (o + it)do.
H; c 1 1

+it

Therefore, for ¢ > 1 and ¢ > t¢ taking A = flc 2~ Ydo one has

‘/H g(s)ds

Since [~ Pi(t)/t?dt converges, lim .o Pi(t)/t> = 0 and the result follows. That is, I(z,c) =
I(z,1).

Py(t)
t2

< / 27 (o +it)|do < A
1

STEP 5: Application of Riemann-Lebesque.
Notice that

1 [ . =l oo
I(z,c) = —/ ixt I (e +it)dt = T / iet18 T p(c 4 it)dL.
2 J_ o 2w J_
Therefore,
1 [,
I(w,1) = o /m et1o8T (1 4 it)dt.

Since [*_|¢(1 + it)| dt < oo, the Riemann-Lebesgue lema implies that limg oo I (2, ¢) = limy—oo I(2,1) =
0 and the theorem is proved. |

3.4 Proof of the PNT

The theorem from the previous section will be used to prove the PNT. For this, it will be sufficient
to prove ¥(x) ~ x. This asymptotic identity is a direct consequence in the Main Theorem from
the previous section if it is proved that the hypothesis from 3.3.2 are satisfied and o = 1 for the
function —¢’(s)/¢(s).

First of all a lema from complex analysis to prove that o = 1.

3.4.1 Lema. If f has a pole of order k at s = « then f'(s)/f(s) has a simple pole (order 1) with
residue —k at s = a.

Proof. Write f(s) = g(s)/(s — @)* in some punctured disc around o with g analytic at o and
g(a) # 0. Differentiating,

g'(s)  _ kg(s) f(5)< —k +g’(8)>.

f’(S): (s—a)k (S_a)k+1

s—a  g(s)
Therefore,
) kg0
f(s)  s—a g(s)
Since g(«) # 0, the function ¢’(s)/g(s) is analytic at & and the lema follows. |

3.4.2 Corollary. —('(s)/((s) is analytic in Re s > 1 except at s = 1 where it has a simple pole
with residue 1.
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Proof. Analyticity for Re s > 1 was proved in 2.1.7. Analyticity at Re s = 1 with s # 1 follows
from the fact that ((1+4t) # 0. The pole and its residue follow from the lama since ¢ has a simple
pole at s = 1 with residue 1. [ |

The following result will be proved in the next section. Assuming it, the proof of the PNT is
immediate. The details are given in the next section so that the final step in the proof of the PNT
is not obscured, since the details of the proof of the next result are even more technical in nature
that what has already been done.

3.4.3 Theorem. There exists a constant K such that for o > 1 and t > €5,
¢'(o L it)
C(o £it)

‘ < Klog” ¢.

3.4.4 Theorem.

> log”t
/ Oth dt converges.
1

Proof. With integration by parts with v = loggt and dv = 1/t2. |
3.4.5 Theorem (The Prime Number Theorem).

()

z—oo x/logx
Proof. Take the function F(s) = —(’(s)/((s) that satisfies the hypothesis of theorem 3.3.2 by 3.4.2,
3.4.4 and 2.1.7. Therefore,
(x) ~ @
that by 3.1.2 is equivalent to the PNT. |

3.5 Bounds on ((o + it)

The purpose of this section will be to prove that |¢'(o % it) /(o + it)| < K log” t in a certain region.
This will fill in the missing details in the proof of the PNT. For obtaining this bound, the integral
representations of {(s) and ¢’(s) from theorems 2.3.6 and 2.3.7 will be indispensable.

The following lema shows that all bounds on (o + it) will also be valid for {(o —it) (and also

for ¢').
3.5.1 Lema. ((s) = ((3).
Proof.

n"% = e—Elogn _ e—alogneitlogn _ e—Ulogne—itlogn —n—s.

3.5.2 Lema. If N > 4, then

N 1 N logn
Y - <20gN  and > BT <2log? N
n n

n=1 n=1
Proof. By theorem B.3 with f(z) =1/,

N g N
Z*SH/ ~dx=1+1logN < 2logN.
nzln 1 X

For the other series use the theorem with f(x) = (logx)/x. However, in this case f(x) is decreasing
only if x > e. Therefore,

N N
1 1 1
Z ogn g/ ngdx:f(logQN—logz?)).
—n 3 T 2
This implies,
N logn
> = < log? N + (log2)/2 4 (log3)/3 < 2log® N.
n=1
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3.5.3 Theorem. Ifo > 1yt >e? then |((o +it)| < 3logt.

As will be clear in the proof, this is not the best bound possible with the given arguments.
What is important for the main purpose is just to know that one can bound {(o + it) in terms of
t from some value of ¢ onwards.

Proof. Fix s = o + it with o and ¢ satisfying the hypothesis. Let N = [¢] and consider the equality

1=s Rl
C(s):Z%—!—i\[_l—s/N xsjl}dx. (3.9)

from theorem 2.3.6. Under the hypothesis on o and ¢ one obtains the following bounds for (3.9)
using lema 3.5.2 and the fact that N < ¢:

N

1] &1 &
— < — < — <2log N < 2logt
L 77:,2::17107;::1”7 e =T
Nli=s 1 1
< < —
s—=1| " Js=1] — t
- [z <1 sl o+t
‘S/N pores) dx §|S|/N x‘”‘ldx_aNUS N < 2.

Therefore,
|C(o 4 it)] < 2logt + 1/t +2 < 3logt.

3.5.4 Theorem. If o > 1 and t > €° then |('(c + it)| < 4log”t.

Proof. The proof is similar. Fix s = o + it with o and ¢ satisfying the hypothesis, take N = [¢]
and use the expression for ¢/(o + it) from theorem 2.3.7

N [ee] _ oo _
RO Ty - LB ST
n=1 N N
- N1'=%log N _ N1—s
s—1 (s —1)2

The following bound for each term are obtained:

al logn 1
<logt) = <2log?t
1—s l—0o
N "%log N SN log]\fglogt<2
s—1 |s — 1] t
Ni=s 11
(s—1)2] — 2~ 2
* (z — [z]) logx log N 1 o+t
| < < (logN +1
'S/N rstl z < sl oN° +02N” < (log N + )O'N
<2logt+2
x — [x] <1 1 1
dz| < —dr=— < =.
‘/N xsﬂx_/Nxzx N~ 2

Therefore,
I¢(s)| < 2log®t + 5+ 2logt < 4log?t.

3.5.5 Theorem. For o >1 yt > e® there exists a constant K such that

1

— < Klog"t.
(o +it)]|
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It is known that ¢(1+4t) comes arbitrarily close to zero, therefore, the bound cannot be replaced
by a constant. One should compare this with the result from theorem 2.4.3.

Proof. Suppose that o < 2. This will cause no harm to the proof since if o > 2 then,

> SZ}%:QW

n=1 =1

p(n)

’ 1
¢(s)
(the value of (2) is 72/6, as first shown by Euler), so K can be found such that the bound is also
valid in this case (once K is found for 1 < o < 2 one takes the largest of the two).

Suppose then that 1 < o < 2, t > €5 and define ¢;(t) = 3logt, go(t) = 4log®t. Using the

expression for ¢ from theorem 2.3.3 and ignoring the value of the integral one obtains that for
1<o<2

1 2
<

o) <1+ — < —.

(3.10)

From now on it will be assumed that o # 1 so that the inequality (3.10) is satisfied. The result for
o =1 will follow by continuity. By (3.10), 2.4.2 and 3.5.3 one has,

3

1<) (Ko +it)|* [¢(o +i2t)] < 591(20) [ +it)[".

2z
(0 —1)
Therefore, defining
o—1)3/4
flo,t) = ‘§£1““)“i‘z
23/4[g1 (2)]1/

it follows that for o € (1,2] and t > €®,

[C(o +it)] = f(o,t).
Take a € (1,2). If 1 < 0 < o < 2 notice that

[e3

Kw+uy¢m+ung/

[ea

Ca+inlde < [ I+ it]do < () - 1)
1
Therefore, by the triangle inequality,

¢(o +it)| = [¢la+it)| = |¢(o +it) — ((a+it)|
> |¢(a+it)] = (a = 1)ga(t)
> fla,t) = (a = 1)ga(t).

If o < o the previous inequality if also valid since |[C(o +it)| > f(o,t) > f(a,t) , (0 — 1)3/* >
(a —1)3/* and go(t) > 0.

The previous arguments show that for o € (1,2], ¢t > € and a € (1,2) it is true that,
<o+ i) > flast) - (a - Dga(d). (3.11)

Make now « depend on ¢ in such a way that f(o,t) — (@ — 1)g2(t) = (o — 1)ga(¢). This is
accomplished by taking
1/27
91(2)[g2(1)]*
This implies that a > 1 and since ¢1(2t),g2(t) > 1 then o < 2. Therefore, inequality (3.11) is
satisfied with this « and so,

o —

C S D
91(26)[g2(H)]* ~ log ¢

for some D as desired. [ |

[Clo+it)] > (o = 1)ga(t) =

By theorems 3.5.4, 3.5.5 and lema 3.5.1, there exists a constant K such that for ¢ > 1 and
t> 65,
¢'(o L it)
C(o £ it)

‘gKloggt

as was to be proved.
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3.6 Some comments about the PNT

The PNT was first conjectured (publicly) by Legendre int the year 1798 in a form different from
3.4.5 and somewhat incorrect. Gauss however, states in a letter to Encke in the year 1849 that he
had already conjectured the PNT in 1792 (a translation from this letter may be found at [Gol73]).
Gauss states in the letter that? Y
Li(z) := / Ldt
5 logt

was a good approximation of 7(z). The following theorem shows that Gauss’s conjecture was
correct.

3.6.1 Theorem. Li(z) ~ 7(x)

Proof. Since lim,_, o, Li(z) = oo,

Ii
i(x) ~ lim log x _1
z—oo x/logx z—oologxr — 1
by I'Hospital’s rule. It is easy to see that the relation f ~ g is transitive, so the result follows from
the form of the PNT in 3.4.5. ]

Given that the approximations obtained by the number theorem concern quotients of quantities,
it is natural to wonder what is the real error in approximating m(x) by x/logx or by Li(x), after
all, one has 22 4+ x% ~ z2 for all § < 2 and so the error can be considerable. It has been shown that
Li(z) is a better approximation of 7(x) than z/logx is. There is also an intriguing result which
relates the order of the error to the Riemann Hypothesis. More precisely, the following statement
is equivalent to Riemann’s Hypothesis: For every € > 0 there exists a constant K such that

|Li(z) — m(x)| < Kat/?e,

Therefore, the size of the error of our approximation has a very close relation to Riemann’s Hypoth-
esis. The following equality, known Riemann’s explicit formula as also exhibits this relationship

Y() Zx—zp:i)—g(((?))—élog(l—l/f)

(here, of course, ¢ has been continued to an open set which contains s = 0) where the series is
taken over all the zeros p of ¢ with positive real part and i (z) is Chebyshev’s function as defined
in 3.1.1.

The following are a few consequences that can be deduced quite easily from the PNT.

3.6.2 Theorem. If p, is the n-th prime, then p, ~ nlogn.
Proof. Since 7(p,) = n, the PNT implies that

. nlogpy,
lim ——

n—oo  pp

=1. (3.12)
In this manner,

lim (logn + loglogp, —logp,) =0
which dividing by log p,, becomes

. logn +loglogp,
lim

=1.
ne T logps

However, using 1’'Hospital’s rule for an appropriate differentiable function P with P(n) = p,, one
obtains lim,_,« loglog p,/log p, = 0, so

logn
li =1 3.13
2% Tog pr (3.13)
The theorem follows by multiplying (3.12) and (3.13). |

2Some authors define Li(x) as

1—e x 1
Li(z) = lim / +/ —dt.
e—0T 0 1+e logt

It can be shown that the different definitions differ in no more than 1.1 and so are equivalent in this context.
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3.6.3 Corollary.
lim Pot1 _ 1.

n—oo pn

3.6.4 Corollary. The set S :={p/q : p and q are primes} is dense R*.

Proof. Tt is enough to prove that S is dense in QT = QN (0,00). Let a/b € Q*. Then, taking
again p, as the n-th prime, it follows by 3.6.2 that

lim Pan _ lim 7alog(an) =2
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Appendix A

Complex Integration

A.1 Theorem. Let V C C be an open set and f, : V — C a sequence of analytic functions on V
which converge point-wise to f :V — C. If f, — f uniformly on every compact subset of V, then
f is analytic and f, — f' in V.

Proof. By Morera’s theorem (see [Bro92], pg. 141), if U is open and

/Cf(z)dz =0

for every simple closed path contained in U, then f is analytic in U. Take zp € V and let B(zp) C V
be an open ball around zg with B(z9) C V. By hypothesis, f,, — f uniformly in B(zg), so if e > 0
there exists N such that |f(2) — fn(2)| < € for every n > N and z € B(%). Therefore, for every
simple close path C' contained in B(zp) and every n > N,

/Cf(z)dzf/cfn(z)dz

where L is the length of C. This implies that

<elL

- ‘ JRCRrACE

/ f(z)dz = lim [ f,(2)dz=0
c

n—oo C

since fc fn(z)dz = 0 by Cauchy’s theorem ([Bro92], pgs. 136-140) and so f is analytic in B(zo),
and so in V.
By Cauchy’s integral formula,

F(z0) = 5~ At pe= [ B

C2mi 8B (z0) (2 — 20)? ©2mi B(z0) (2 — 20)?

where 0B(zp) is the boundary of B(zp) with positive orientation. Therefore,

/ / 1 / f(Z) — fn(z) €
_ < |— JNT JnAE) < =
‘f (ZO) fn(ZO)l = |9mi c (Z _ Z0)2 dz| < R
for every n > N where R is the radius of 0B(zp) since
£~ Ful2)| e
(z—20)2 |~ R*
From this it follows that f/(z0) — f'(20). |
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Appendix B

Relationships between Integrals
and Series

For analytic number theory, it is essential to know that relationships between series and integrals.
The following theorem will be of great use.

B.1 Theorem (Abel’s Identity). Consider a : N — C and define A(x) =3, . a(n) ifx > 1,0
otherwise. Let 0 <y < x and f : R — C be a function with continuous derivative in [y, z]. Abel’s
Identity states that:

y<n<z
Notice the similarity with the formula for integration by parts.
Proof. Write [z] for the greatest integer less than or equal to z. Now,

[«]

Il Il
L= Lvge
:;; :;;
M M
:u.

b:.
; ;

=[yl+1 =[y]
[z]—1
= A([=]) f([=]) = A(lwD f([y + 1)) Z Am)(f(n+1) = f(n))
=[yl+1
[z]—1
= A ()~ AGDA + = 3 [a
=[yl+1
]
= A[z)) f([«]) = A(lw) f(ly + 1)) - / A(t) f' (t)dt.
[yl+1

Substituting A([z]) f([z]) and A([y]) f([y] +1) in the last line by the expressions which follow from
(1) and (2), (shown below) one obtains the desired equality. Note that A([z]) = A(x).

/[ ] A(t)f(1)dt = A([=) /[ ] P (t)dt = A(x) f(z) — A(le]) f([=]) 1)

[y]+1 [y]+1
/ A(t) ' (t)dt = A(]) / F(t)dt = A F([5) + 1) — A@W) £ (w) ()

Y
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B.2 Theorem (Euler’s Summation Formula). Let f : R — C have continuous derivative in [y, z],
0 <y <x. Then,

> f(n):/wf(t)dt+/$(l‘*[t])f’(t)dtJrf(x)([I]*x)*f(y)([y]*y)

y<n<z Y

Proof. Applying Abel’s identity B.1 with a(n) = 1 which implies A(z) = [z], one obtains
> fn) = f@)la] - F)ly) */ [t]f' (t)dt (3)
y<n<z Y

however, integrating by parts,
[ 1wt =sf@ - yiw) - [ erwa (®)
Yy Yy

Subtracting (4) from (3) and rearranging terms one obtains the desired equality. |

B.3 Theorem. Let ny < ng be integers. If f : [n1,ng] — [0,00) is continuous and monotonically
decreasing then

na no ’I’szl
> fn) S/ Ft)ydt < > f(n).
n=ni+1 n1 n=ni

Proof. Take an integer r with ny < r < ns and let ¢ € R be such that r — 1 < ¢ < r. Since f is
decreasing, f(r — 1) > f(t) > f(r). Therefore, integrating from r — 1 to r with respect to ¢ one
obtains

f0)< [ fode< g1,
r—1
The inequality is obtained by summing for r =ny + 1,n1 + 2,...,ns. |

B.4 Corollary. Let f : [1,00) — [0,00) be a continuous decreasing function. Then Y > | f(n)
. . o0
converges if and only if [~ f(t)dt converges.
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Appendix C

Infinite Products

The contents of this appendix are taken from [Jam03] pgs. 228-229.

C.1 Definition. Let {a, }nen be a complex sequence. The infinite product

8

(1+an) (1)

n=1

is said to converge to P if the sequence {p, }nen defined by

n

Pn = H(1+ai) (2)

i=1
converges to P. In such a case, the value of the infinite product is said to be P.
The symbol [[(1 + ay,) will be used to refer to (1) whenever no ambiguities can arise.
C.2 Theorem. If[[(1+ay,) and [[(1 + by) converge, then

[T +a)@+b)] = [ +an) [T +0).

n=1 n=1
Moreover, if [T(1 + an) # 0 then,

};[1 (IT+an) Lo (1+an)

Proof. Direct consequence of the definition. Note that if [[(1 4+ a,) # 0 then a,, # 1 for alln. R
C.3 Theorem. If Y a, converges absolutely, then [[(1 + a,) converges.

Proof. For every x > 0 one has
1+x<e”

by the Taylor series of e®. Therefore, for every i € N
114 a;| <14 |ag| < el (3)
Define p,, as in (2) and let S =" |a,|. By (3)
[pn| < exizleil < 5.

So |anpn| < €°|a,| and

oo
Z |anpn71| < Se’.

n=2

I icul o H = o
n particular, > , a,p,—1 converges. However, a,pn—1 = pn — Pn—1 50 >~ 5(Pn — Pn—1) coOn-

verges. Since > 5 (pn — Pn—1) = lim, oo (pr, — p1) it follows that lim,, . p;, exists and therefore
[1(1 4+ ay) converges. |
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C.4 Theorem. If Y a, converges absolutely and a, # —1 for every n, then [[(1+ a,) # 0.

Proof. Let P =]][(1+ay). The convergence of the infinite product [| (1 Jrlan) will be proved. This

will imply the theorem by C.2.

Take
(025

“1ta,
Since lim;, o a, = 0 by the absolute convergence of > a,,, there exists N € N such that |1 + a,| >

1/2 for n > N. Therefore, |b,| < 2|ay| for n > N which implies that ) b, converges absolutely.
By the previous theorem it follows that [[(1 — b,,) converges. However,

bn

1
1—-b6, =
n 1+a,
|
and so, H = converges and the theorem is proved. |
an
=1
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Appendix D

Functions defined by Dirichlet
Integrals

The content of this appendix is taken from [Jam03] pgs. 230-231.
D.1 Lema. If |s| < 1/2, then |e®* =1 —s| < |s|?

Proof. From the Taylor series of e® with centre at s = 0 one has:

2

s 14 < B _
e Sl_;n! 22 1f||)—||

D.2 Theorem. Let 0 < a < b < oo, f :[a,b] — C bounded and Riemann Integrable in [a,b] and

define I : C — C by
b
)= [124

_ /” fs)logz
a T

Note that the integrand in I’(s) is simply the derivative of the integran in I(s). The theorem
states that one can interchange the symbols of differentiation and integration for these functions.

Then, 1(s) is analytic in all of C and

Proof. Take sy € C and define I'(s) as before (It of course still has no relation with the derivative
of I(s)). What has to be proved is that

I(s) = I(s0)

li =T .
R (s0)
By the definitions of I(s) and I'(s) one has that
b
I(s) — I(s0) — (s — s0)I'(s0) = / <ff) - @ + (s — so)f(zx)jfgf”) da.

Denote by g(s, sp) the integrand of the previous equation. Then

/()]

o]

1

xS*SQ

lg(s,s0)| = — 14 (s—sg)logx|.

Let M be such that |f(z)] < M and K such that |logz| < K in [a,b]. By lema D.1, for s € C with
K|s—sg| <1/2,

1

.’E5750

— 14 (s—sg)logx

= ‘e(s"_s)logz —1—(s0—5) 10g:1:‘

< |s — so|* log? .
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Therefore,

M
l9(s,s0)l < 5 1s = so|* log® x.

1
og dx one has,

And so, defining A = M/

|1(s) = I(s0) = (s = 50)I"(s0)] < Als = s0|”.

That is,
I(s)—1
’(5)(50) —I'(so)| < Als — s
S — 8o
Taking s — sg the result follows since A is independent from s. |

D.3 Theorem. Let N € N, N # 0 and f : [N,00) — C be a continuous function except possibly
at NN [N, 00) where, however, left and right limits exist. Suppose also that there exist M, € R
such that | f(z)| < Mz®. Then,

i@,

N xs—&-l

converges for s € C with o > « and defining I(s) and the value of the integral, then I(s) is analytic
i Re s > a and its derivative is given by
> f(x)log ac
zs+1

Proof. The proof is similar to the one given to prove that Dirichlet Series are analytic in their half
plane of convergence.
Note that

© Mz® e 1
) < [ [P T,
N »TS N 7 N z° N xlt(e—a)

Therefore, for s € C with o > « the integral converges since 1 + (o — a) > 1.
To prove that I(s) is analytic, consider the sequence of functions {I,,(s)}nen defined by

I(s) = / ),

N IS+1

By theorem D.2, each I, (s) is analytic in the whole of C, moreover,

I(s)=— /NHL Mdl‘.

N xs+1

It will be shown that the sequence {I,(s)}nen converges uniformly on every compact subset of
Re s > « from which will follow that I(s) is analytic in this region and that I},(s) — I’(s) when
n — oo.

Take a compact subset K in Re s > « and let a € R be such that for every s = 0 4+ it € K one
has a <a < o. If s € K, then

oo o0 M o
[1(5) = T(s)| = \ | & dw\ < do
N+n x? N+n g

= < M
(0 —a)(N+n)— =~ (a—a)(N+n)e—@

where the last inequality comes from the fact that 0 — a > a — a. Since the last term tends to
zero when n — oo independently of s, uniform convergence on K is proved. |
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