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Cubic curves

The set of degree ≤ 3 polynomials in x, y with coefficients in R is
a 10 dimensional vector space V :

a1x
3 + a2y

3 + a3x
2y + a4xy

2 + a5xy . . .+ a10 ∈ V

I If we force these polynomials to vanish at point, this imposes
a linear condition on the coefficients, so defines a subspace of
V .

I Example: If we want the polynomials to vanish at the point
p = (1, 1), then we must have

a1 + a2 + a3 + . . .+ a10 = 0
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The construction

I Fix six points p1, . . . , p6 in R2 that are not on a conic and no
three are on a line.

I Let f0, f1, f2, f3 ∈ V be polynomials vanishing at p1, . . . , p6
which are linearly independent in V .

I Fact: The only solutions to

f0 = f1 = f2 = f3 = 0

are the points p1, p2, . . . , p6.

I Define the map

R2 → R3

(x, y) 7→
(
f1
f0
,
f2
f0
,
f3
f0

)
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Projective Spaces

I P1 = R + a point at infinity (+∞ = −∞).

I P2 = R2 + a P1 at infinity (the line at infinity)

I P3 = R3 + a P2 at infinity (the plane at infinity)

All these infinities correspond to directions.

line at infinity
y

x
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The points where the map is not defined

φ : R2 → R3

(x, y) 7→
(
f1
f0
,
f2
f0
,
f3
f0

)

I Is continuous at all the points where f0 6= 0.

I Its image is contained inside a smooth cubic surface S in R3,
and is dense inside S.

I So, φ is a “parameterization” of S.

I At the points where f0 = 0 but any other fi 6= 0, the image is
trailing off to infinity.

I At the points where all the fi vanish (i.e., at p1, . . . , p6)
something entirely different is happening.
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The points where the map is not defined

Example R2 − {y-axis} → R
(x, y) 7→ y/x

extends to the map

R2 − {origin} → P1

(x, y) 7→ y/x

(0, y) 7→ ∞
(0, 0) 7→ ?

which is now defined and continuous on all points of the x-axis
except at the origin.
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Blowing up points

I Given any smooth algebraic surface, replace a point by a line
(the Exceptional Line): a copy of P1.

I Each point on this line corresponds a tangent direction at the
point.



Blowing up points

Example R2 → P1

(x, y) 7→ y/x

(a, 0) 7→ ∞
(0, 0) 7→ ?

extends to the continuous map

Bl(0,0)R2 → P1

(x, y) 7→ y/x

(a, 0) 7→ ∞{
points above

(0, 0)

}
7→


the slope

they
correspond to


which is now defined at every point!
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Back to our map
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I This map is defined everywhere.

I It is an isomorphism onto its image.

I The image is a smooth cubic surface in P3.
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Smooth Cubic Surfaces in P3

I If we allow the variables to take complex values, then every
smooth cubic surface can be constructed in this way.

I We can use this to prove the following:

Theorem
Any smooth cubic surface in P3 contains exactly 27 lines.
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Cubic Surfaces and blow up’s

I Every smooth cubic in P3 is isomorphic to P2 blown up at six
points (not all on a conic and no three on a line).

I The 27 lines are given by:

6: The six exceptional lines.

15: The strict transform of the
lines conecting any two of the
six points.

6: The strict transform of the 6
(unique) conics through five of
the six points.
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The Clebsch Diagonal Cubic
x3 + y3 + z3 + w3 − (x+ y + z + w)3 = 0



Image Credits

The Clebsh Cubic (blue):

By Oliver Labs, from his webapge The Cubic Surface Homepage at
http://www.cubics.algebraicsurface.net/


